We calculate the lifetime of both the o-Ps and the p-Ps positronium annihilation decay P s → γγ in the strong circular polarized laser field. We take a strategy 
I. INTRODUCTION
The fast technological advance in the past decades brings us the high-power laser systems with peak intensities up to 10 22 W/cm 2 [2] , and one would expect a further increase in the near future [3] . Such high-power laser systems lead to studies of the fundamental processes of quantum electrodynamics in the presence of a strong laser field realistic in experiments. Some typical processes are laser-induced Comptom scattering [4] , laser-assisted Mott scattering [5] , laser-assisted Mφller scattering [6, 7] and laser-assisted Bhabha scattering [8] , bremsstrahlung [9] . The mechanism of production of e + e − pair creation by a projectile particle colliding with an intense laser beam is widely studied both theoretical and experimental, and first directly observed at SLAC facility [10] .
Positronium(Ps), the electron-positron bound state under attractive Coulomb interactions, is well suitable for probing many fundamental aspects of particle physics. For the Ps in vacuum, there are three distinct energy scales: the electron mass m, the threemomentum mα and the binding energy mα Under strong laser fields, besides the annihilation decay, the Ps may also decay via ionization. The ionization of normal atoms under laser is described by the Keldysh's theory [11] .
In laser electro-magnetic (EM) field, the charged particles receive the ponderomotive motion along the laser beam direction which is a nonlinear effects of the EM interaction of the electrons and the laser beam. For normal atoms, they are ionized since the nucleus and the electrons gain very different velocities because their masses are very different. However, for the Ps, the ionization is quite different from that of the normal atoms for the reason that both the electron and the positron in the Ps receive the same ponderomotive momentum along the laser beam direction since they possess the same mass. Consequently, the Ps is much harder to be ionized than the normal atoms under the high laser EM field. This feature is suggested to produce HHG by the Ps state [1] . To make this mechanism work, it is required that this has enough lifetime. Thus it is essential to calculate the partial lifetime of the annihilation process.
Under strong laser EM fields, the annihilation partial decay width of the Ps may be changed. Intuitively, with the laser field, the electron and the positron move back and forward periodically in the perpendicular direction of the laser beam. It effectively reduces the wavefunction at origin and enhances the lifetime of the Ps. Unlike in vacuum, in laser EM fields, both the o-Ps and the p-Ps can decay into two gamma photons. Meanwhile the Ps annihilation may produce a single photon. To precisely predict the lifetime of the Ps, one needs to solve the dynamics of the system combining Coulomb potential, the laser potential and the annihilation process together, which is very complicated. To carry out calculations, certain approximations are necessary.
In Refs. [12] [13], the authors studied the nonperturbative effects of intense laser field on the origin of the wavefunction by solving Schödinger equation (SCHE). They started from a time-dependent SCHE with Coulomb interaction and the dipole interaction for the laser EM field which is reasonable since the wavelength of the laser photon is much larger than the typical size of the Ps. With some additional approximations they derive a time-independent local SCHE with the dynamics similar to the H + 2 ion. By using variational method, they can approximately solved the equation. Their method is available only for the linearly polarized laser field.
In this paper we reconsider the Ps decay processes into two photons in circular polarized laser field with higher intensity by examining the energy scales involved in the annihilation decay processes. Notice that besides two produced hard photons, there are a set of laser photons are emitted or absorbed from the laser sources. Thus the basic annihilation processes can be described as:
where ±n is the number of emitted or absorbed laser photon γ k with momentum k = (ω, k).
When the typical n satisfying nω much larger than the binding energy of the bound state, the typical kinetic energy of the relative motion in the rest frame of the e + e − system is then much larger than the Coulomb potential energy. Hence the Coulomb potential interaction can be negligible in the leading order approximation in calculating this annihilation process.
In this way, the effects of the annihilation decay process (1), as a short-distance effect, is factored out from the long-distance effects which is governed by Coulomb interaction. This factorization is different from the conventional factorization. It is factorized in the time direction but not in the space direction since they are in the compatible size in the space direction.
The short-distance effect can be calculated by perturbation theory. It is different from the usual perturbation theory in vacuum. Here one has to include contributions arising from this background EM field. To this end, we take Volkov state to describe the electron and the positron under the classic laser EM field [14] . To carry our calculations, we also use the propagator of the electron and the positron under the laser EM background field obtained by Schwinger proper-time method. Our strategy is in the spirit of the NRQED factorization formula, which is the QED version of NRQCD factorization formula [15] for strong interaction without laser field background. Our results are suitable for the case that the motions of the positron and the electron caused by the laser field is relativistic. Moreover, one advantage of our method is that it can be used to calculate various differential distributions of the final hard photons. In addition, it can be applied to the case of circular polarization laser.
The remainder of this paper is organized as follows. In Sec. II, we propose a factorization formula to carry out calculations on the processes. In Sec. III, we present numerical results.
Sec.IV is dedicated to a brief summary and conclusions. Throughout this paper, we use natural units with = c = 1. The fine structure constant is α = .
II. THEORETICAL FRAMEWORK
In this section, we calculate the decay rate of the Ps into double hard photons in a strong laser EM field.
The process can proceed at the second order in the QED hard interaction with momentum transfer at order of m or higher. There are two Feynman diagrams contributing to the process as shown in Fig. 1 . For the photons with momenta k 1 and k 2 and corresponding polarization vectors ǫ 1 and ǫ 2 , respectively, the S-matrix elements can be written as
where Ψ(x) and S (x 1 , x 2 ) are the four-fermion field and the propagator of the electrons under the Coulomb interaction and the laser EM field. They satisfy Dirac Equation
and
respectively, where
Here the vector potential A µ consists of Coulomb potential and the laser EM potential. The laser EM potential appearing here implies that arbitrary number laser photons can be absorbed or emitted by the electron and the positron.
Generally, these equations are difficult to be solved analytically. Here our strategy is to disentangle the long distance effects and the short distance effects. Notice that in the case of the laser field absent, the annihilation of the electron and the positron is the short-distance effect while the formation of the bound state is the long-distance effect. They are separated well and factorizable. When the laser field appear, the fermion line will emit or absorb a number of laser photons from the laser source. Including these photons, the real annihilation process is the one given in Eq. (1). The stronger of the laser field is, the larger the typical n is. If the laser field is sufficiently strong so that nω is much larger than the binding energy of the positronium, the electron or the positron gain typical kinetic energy (either with plus sign or with minus sign) of the relative motion in the rest frame of the e + e − system being much larger than the Coulomb potential energy. Hence the contribution from the Coulomb potential interaction can be negligible in calculating the interaction field by Eq. (3) and the propagator by Eq. (4) appearing in Eq. (2). In the diagrammatic language, the bound state of the Ps is formed by exchanging Coulomb interactions. One has to resum over all those diagrams since each of them give the same order contribution to the binding energy.
Specifically, the Coulomb singularity contribution (1/v ∼ 1/α ) arising from each Coulomb photon exchange is compensated by the coupling constant α from one more exchange. Once nω is much larger than the binding energy of the positronium, the electron or the positron are far away from the Coulomb region with momentum (mα 2 , mα), the Coulomb singularity appears no longer while the coupling is still there. Thus one more such exchange of the ladder is suppressed by a factor of α, hence perturbatively calculable. In the leading order approximation, one may just neglect it. Therefore, in solving the Dirac Eq. (3) and the propagator by Eq. (4), one may neglect the Coulomb interactions once the typical value of n satisfies nω ≫ mα 2 and then the calculation can be simplified significantly. This is just the case we are concerning in this paper. In this way, the long-distance effects caused by the Coulomb interaction in the annihilation process are factored out. However, this factorization is different from the conventional factorization. It is factorized in the time direction but not in the space direction since they are in the same size in the space direction. With only the laser EM field, those equations can readily be solved.
We assume the laser propagates along the z direction with photon momentum k µ = ω(1, 0, 0, 1) and the vector potential A possesses only transverse components. For a circular polarized laser, the vector potential can be written as:
where a One useful dimensionless parameter describing nonlinear effects is η which is defined as:
For an electron or positron with momentum p moving in an external electromagnetic field, its average effective momentum reads:
Here the second term is called as ponderomotive momentum. It is proportional to a 2 and hence represents a nonlinear effect. With this momentum one may define an effective mass for the electron or the positron by: 
where
The generalized Bessel functions are given by sums over products of the first kind.Similar treatment could be found in [9] . The arguments of the generalized Bessel functions are defined by α
. The electron spinors are used in the following form:
with the standard vector σ being composed of the Pauli 2 × 2 spin matrices and ζ, χ are two-component Pauli spinors. p is the momentum of the particle outside the laser field.
The quantum field of Dirac equation can then be expressed as a superposition of the product of creation or annihilation operators and Volkov solution at momentum p, instead of the plane wave solutions for free particles.
The propagator of the electron in the laser background field can be obtained by FockSchwinger proper time method [16] . In a circularly polarized plane it reads:
with
. Performing U's Fourier transform and integrating τ , we can evaluate the electron propagator.
With Volkov solution given in (9), (10)and the propagator (14), the effects caused by the laser EM field can be explicitly extracted out. Substituting them into Eq . (2), it follows that:
and Φ(x, p), Φ ′ (x, p) are the Ps radial wave function in the momentum space and projection operators which are given by:
for the spin-singlet case
for the spin-triplet state with polarization ǫ.
We assume the ground state Ps atom be initially at rest. The bound state is a linear superposition of products of free states Ψ p ± for the electron and positron with definite relative momenta q, which is weighted by the wavefunctionΦ(q). In the momentum space, the wavefunction of the S− wave reads:
where a 0 is the Ps radius.
To carry out integration over the relative momentumΦ(q), we ignoreΦ(q) in those terms which are insensitive to q and keep those terms which are sensitive to q. The amplitude can be expressed as the overlap integrals of the wave function and those terms sensitive to q with the generic form:
This means that the factorization here is different from the conventional factorization. Be- if | s ± |>| α ± |. In our case we find | s ± ω |≪| m |, so we may take an approximation
With this approximation, we can reduce the infinite sum over the product of the Bessel function of the electron and the Bessel function of the positron to a single Bessel function as shown in Appendix. Finally, we can express it as
In the nonrelativistic limit, the factor in the exponential of the integrant is simplified as we calculate the S-matrix element analytically.
We carry out the phase space integration Π by virtual of the δ-function δ
where θis angle between photon γ 1 and the laser beam direction, and
Finally, we obtain the differential distribution over cos θ. For the spin-singlet state, it reads:
and for the spin-triplet state, it reads:
Integrating out θ angle, one obtain the total decay rate.
where Γ 0 (p-Ps → γγ) is the two-photon decay width of the spin-single 1 1 S 0 Ps state in vacuum. It reads:
Eqs. (26)- (29) are our final results. Γ from these equations we see that once we evaluate value of φ, we can make predictions for the lifetime of the Ps in the laser EM field. 
III. RESULTS AND DISCUSSION
In this section, we use Eqs. (22), (26)- (29) derived in the last section to calculate the decay rate of the Ps states in the strong laser EM field. The only unknown parameter we need to calculate numerically is the overlap integral φ. As argued above, the electron and the positron make period movement along the electric field provided by the laser. This efficiently reduces the value of the wavefunction at origin. As discussed in the last section, to some extent, this value is related to the wavefunction somewhere away from the origin for the Ps with laser EM fields. In the positronium case, it is exponentially suppressed comparing to the wavefunction at origin. This exponential factor governs the enhancement of the lifetime of the Ps states. The factor in the exponential is proportional to the product of the wavelength squared and the square root of the intensity of the laser field. Therefore, it is more efficient to enhance the lifetime of the positronium by increasing the wavelength than increasing the intensity of the laser. For comparison with the result given in [13] , we first evaluate Ti:sapphire (f = 380 THz) laser source with intensity 10 13 W/cm 2 . The result given in [13] is that the lifetime of the p-Ps state is enhanced by 641 times while our result for this number is 3.41×10 3 . Their result is about 5 times smaller than our one. Considering the fact that this enhancement is exponential function and any tiny change of small factor will change this result dramatically this difference is not very suppressing.
We now turn to look at the case with the fixed laser photon energy at 1 eV but various intensities. Our results are listed in I.
Finally we turn to look at the case with the fixed laser photon energy with 10 13 W/cm 2 intensity and wavelength at 1 µm and 10 µm for the p-Ps state. Our results are listed in II.
We see that for the wavelength at 10 µm, the lifetime of the p − P s state enhanced by a factor 10 8 . 
IV. SUMMARY
In this paper, we calculate the partial lifetime of both the o-Ps and the p-Ps positronium annihilation decay P s → γγ in the strong circular polarized laser EM field. We take a strategy of the factorization to separate the effects caused by the Coulomb interaction and the strong laser field. This factorization is different from the conventional factorization. It is factorized in the time direction but not in the space direction since they are at the same size in the space direction. In calculating the short-distance effects, we use the solution of classic Dirac equation in the laser EM background field, i,e., the so-called Volkov state. We also have adopted Fock-Schwinger proper time method. we expand the Volkov solutions in plane wave in terms of the generalized Bessel function. Our results show that for long-wavelength laser with sufficiently high value of η parameter which characterize the nonlinear effects of the laser assisted process, the lifetimes of those Ps states are dramatically increased. This is qualitatively consistent with that given in [13] . This effect may be very useful for the HHG effects by the Ps [1] . . For integer order n, Bessel function J n is often defined via a Laurent series for a generating function: 
